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Outline

We present an a posteriori error estimate in a
mesh dependent energy norm for agenera
class of dG methods for elliptic problems.

Energy norm a posteriori error estimation for
discontinuous Galerkin methods Compui.
Methods Appl. Mech. Engrg., Volume 192,
|ssues 5-6, 2003, Pages 723-733.

Joint work with Roland Becker and Peter Hansbo.
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A model problem
Find v : 2 — R such that
—V-ou)=f iInQ
u=gp oOnlp
on(u) :=n-o(u) =gy only
where €2 denotes a bounded polygonal domainin R¢,
d=2or3,withboundary I' =T'p UT'y,and o(u) iS

defined by
o(u) = Vu
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ThedG method
Find U € V such that

a(U,v) = (f,v) foral v eV
Here the bilinear form is defined by

a(v, w) = Z(vv Vu)g =Y ((n- Vo), [w)e

E

—|—Oéz TL Vw E—Fﬂz ])E

with v and (3 real parameters.
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Conservation property

Introducing the discrete normal flux

{(an(U» — Bh U] onOK \ T,

Yo (U) =< o, (U) — B Y (U — gp) ondK NTp,

gnN onoK NI'y

we obtain the elementwise conservation law

/Kf+/aKZn(U):O
/aKMU): /@ o
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Theenergy norm

We introduce the following mesh dependent energy
norm:

ollI? = llvlllk + lllolll5c
where

llolllie = ) (0(v), Vo)

Kek

llolllfe = D (k'] wWharyr/2 + (B~ 1o, v)oxknr,
Kek
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Theaposteriori error estimate

llellI* < c (Z p?c)

KeK

with ¢ independent of ~ and element indicator
P = hllf +V - o(U)klx
+ || Za(U) = on(O) 5, + e 1[Ul550r
with 32, (U) defined by

(o,(U)) — Bh~ U] onOK \T
gN onoK NI'y

()=
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Remarks
Valid for severa different dG methods inc

uding

the symmetric and nonsymmetric formulal

loNs.

Valid on nonconvex polyhedrain 2D and 3D

Valid for general boundary conditions and
variable coefficients.
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Helmholtz decomposition of Ve
Thereexists p € H'(Q2) and x € H(curl, Q) such that

Ve =Vo + curl y

with
p=0onT'pandn- -curly=00nTy

and the stability estimate

IV + llcurl x| < clllellx

holds.
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Remarks. Helmholtz decomp
In 3D the stronger stability estimate

x| e < llelllx

does not hold when (2 is a nonconvex polyhedron,
while it holds in the convex case.

Helmholtz decomposition used for derivation of a
posteriori error estimates for nonconforming
methods Dari-Duran-Padra-Vampa 1996,
convex, Carstensen-Bartels-Jansche 2002,
nonconvex 3D.
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Basic idea of proof

Using the Helmholtz decomposition of Ve we get:

llelllk = (Ve, Ve)
= Z (Ve, Vo) + (Ve,curl x) ki

KekK
< residual(U) x (|| + fleurl x|
< residua (U) x |[[e]||xc

Thus

|lell|x < residual (U)
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Error representation: A

_Zf+v O' —7T()¢)

+ (on(u) — on(U), ¢ — 7TO¢)(9K\FD
=Y (f+V-0(U),¢—mo)k

KekK
+ (Xn(U) —0n(U), ¢ — mod)ar 1,

T is the piecewise constant L?-projection of ¢.



Error representation: A

Note that since >>,,(U) is conservative we have
(on(u); m0@)am\r, = (Xn(U), Tod)ar\r,

for al K notintersecting I'p.
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Error representation: B

Z(V@, curl ) g = Z(u —U,n-curl X)or\ry
Kek Kek

= Z(v —U,n -curl X)ar\ry
KekK

We replaced u by an arbitrary function

?}GVgD:{UGHlIU:gDOnFD}
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Error representation: A + B

llellz = > (f+V-0(U),¢ — mo)x

KekK
+ (Zn(U) = 0n(U), ¢ — mod) o1,
+ (v —=U,n-curl X)or\ry
= [+ 11 +11]
foralveV,,.

The aposteriori error estimate now follows from
estimates of terms /-1 11.

Mats G Larson — Chalmers Finite Element Center — p.15



Estimate of |11

(v —U,n-curl X)ar\ry |
< |lv— UHH1/2(0K\I‘N)H” - curl XHH—1/2(8K\PN)

<cllv—-U H/2(0K\I'y) CUFlXHK

INA

cllv —Ullgrz@amrry) elllx

We employed the trace inequality

n - CU”XHH—W(@K) < ¢||curl x| x
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Est. I11: traceinequality
Trace inegquality

n - CUF'XHH-W(@K) < cf[curl x||
follows from

I 0l gr-r2om) < (0l + ]|V - ]k )

see Girault-Raviart with w = curl y. Note that
V - curly = 0.
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Est. |11 Technical lemma
We finally employ the following technical lemma

Hlf Z HU UHH1/2 (OK\T'n) <c Z h 1H H@K\FN
gD Kek Kek

with constant ¢ independent of A.
see paper for proof.
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Sinusoidal hill
Consider

—Au=f In (), u=0 on T

Let
{f = 2% sin(w x) sin(wy)
Q= (0,1) x (0,1)

Then

u = sin(m x) sin(7 y)
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Sinusoidal hill: Solution
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Sinusoidal hill: Final mesh
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Sinusoidal hill: Effectivity index
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Peak function
Consider

—Au=f In (), u=0 on T
Chose f such that

Gukﬂ+40y(1.__x)212<1___y)2y2

2000
on thedomain 2 = (0,1) x (0, 1).

Uu =
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Peak function: Solution




Peak function: Final mesh

~J
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Peak function: Effectivity index
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FEM on overlapping grids

Want to use independent meshes in different regions of the
domain for

Construction of agloba mesh for a complex geometry by
using overlapping meshes of elementary parts.

Coupling of unstructured and structured meshes.

Coupling of boundary fitted meshes to structured or
unstructured meshes.

Joint work with A. Hansbo and P. Hansbo.
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Overlapping grids

() covered by
triangulations 7y, ;
and T}%Q.

[' an artificial inter- N
nal Interface com-
posed of edges
from the trian-
gles in one of the
meshes 7}, ;.
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Overlapping grids: Example 1
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Overlapping grid: Example 2
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A ssmple model problem

Findu : Q ¢ R — R such that
—Au=f In (), u=0 on ofl.

This problem has a unique weak solution v € H; for
fe  H .
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A discontinuous space

Let V., be continuous piecewise polynomials on 7,
and
U = Urer,,, 2=0Q\Q

The discontinuous space is defined by

Y = {U : U’Q1 - VC,’i7U‘Q2 — UJ|QQ,UJ = Vca2}
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DG method
Find U € )V such that

a(U,v) = (f,v) fordlveV

CL(U, ¢) — (VUv v¢)Q1UQ2 o (<an>7 [¢])F
— (U}, (Vn®)r + (B U], [9])r,

with a one-sided approximation of the normal flux:

(Vpv) = Vaur onT.
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Main results

Stability If the penalty parameter 5 Islarge
enough.

Optimal order of convergence in energy and L?
norm.

Valid for higher order elementsin 2D and 3D and
arbitrary intersecions.

Energy norm a posteriori error estimates.
Extends to the nonsymmetric case.
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Earlier results

Extends Becker, Stenberg, and Hansbo, where

nonmatching meshes with standard mean value flux
was used.

weaker mesh assumption allowing for
composition of arbitrarily overlapping grids
(arbitrarily small partsin €25)

no ad hoc ("saturation") assumptions for the a
posteriori result
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Example

Let ) = (—4,4) x (—4,4) and f = 64 — 22* — 2y~,
correspondingtou = (z —4) (z +4) (y — 4) (y + 4).
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_Example: Linear sand Quadr at-
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Example: Convergencein L?

Convergence in L,—orm on a sequence of refined meshes. We
obtain second and third order convergence for the linear and
guadratic approximations, respectively.

=Y
T

o
T

=
T

log(L Z-error)
do NS '

1
N
T

1
(63}
T
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Energy norm a posteriori esti-
mate

2
IVellg o0, + I 2nr CY D P
i=1 KeT)

The element error indicators pg ; are defined by

Pri = h%{”{ + AU|§ p, + hicllnp - VUG op,
—|—h]_( H [U] H(Q)jamer T ercf H [U] H%/Q,Fj7

where Py = K NQ; for K € T)".
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Computingthe1/2 norm

If the interface 1s one-dimensional:

o,

U

||U ]Hl/2 r, isdifficult to computein general.

UM o, =
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A simplified estimate

A less sharp but more implementation-friendly
variant:

0%; = hilf+ AU|Gx + hxll[ng - VU]HO@KnQ
£ 3 (hrlIVaULIE pyeser + HRAIU);

]FCK

0 aKJr

All terms are integrals of single polynomials over the
original elements or its edges.
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Example: Refined meshes
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Example: Refined m~ hes

0.8
0.6
0.4

0.2

The meshes in both cases has a tendency to refine more at the

Interface. Thisis because the local error isthe largest there. The

exact solutionis u = sze™ 97 (4 — ) (4 2 (4 = ) (420
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