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Lecture 3: Contents

* FE2 with error estimation and adaptivity
— Discretization and modeling errors
— Error control for FE
— Computational results for (simple) 2D model problems
— Adaptive (seamless) bridging of scales
® Qutlook - Selected research at Chalmers
— Transient problems (Ph.D. student Su)
— Permeability (Ph.D. student Sandstrom)

— Powder metallurgy - Sintering (Ph.D. student Ohman)
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Lecture 3 - Part |

FE? with error estimation and adaptivity
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Modeling and Computation — Errors

Model validation

- Inverse identification
- Calibration

(model erroiE,,)

“Fine model”
(maybeinaccessible

Model verification
(verifiable model error E,,; )

“Reality”

“Work model”

Simulation -
Physical validation

Computercode

Numerical verification
(discretization and solution error

EFEM+ ESOL)
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Computational mechanics - Accuracy vs. cost

® Error control
- What is the goal of the analysis and what is the accuracy?

® The optimization problem of adaptive analysis
Obtain the required accuracy at minimum computational cost
or

Obtain maximum accuracy with available computational ueses

® Different sources of errors
Balance the accuracy (and required effort) in modeling ahati®n
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Error control

Are the equations solved right?

Are the right equations solved?
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Goal oriented error control - The dual solution

Example structure

Uz, fo Uy, f4

I u T (]
® Structural problem: Cun il uss s

Ku=j

® Qutput of interest

Q= QT U Study, e.g., elongation of the diag-
onal bar

Q: 1/\/§u3—|—1/\/§u4

® Dual problem (cf. influence/Green’s functions)
K'u* =¢q

=>Q=q u=u"Ku=u""f
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Goal oriented error control - Solution error

® Approximatesolution toexactproblem

Ku,~f =Q=Qn=qu,
® Solution (discretization in FEM) error

def * *
E, = Q — Qh—q (U—Uh):HTK(U_Qh):“TTh

Computable residual

r,=Ku—Ku, =f—Ku,

® Adaptivity by controllingr;,
® |ssues in practice
— Linearization of nonlinear problems
— Approximate solution of,* - Must be more accurate than the solutiornpf
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Goal oriented error control - Model error
® Exactsolution toapproximatgroblem
Kt'u"=f =Q~Q"=q'u"
® Model error

m def m
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Computable residual

r"=Ku—Ku" =f-Ku"=(K"-K)u™

® Adaptivity by controllingr™
® |ssues in practice
— Approximate solution of.* - May be based on approximate model

— Approximate evaluation of exact model, efg, for model residual - Must
be more accurate than approximate model, &Y.
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Prototype problem: Nonlinear elasticity

® Strong form: Solve for

1glrlsrpr)]lacement fields(X) N )
PV = f inQ, =

P = P(F), Q o

F = I+u®V, \

+ Boundary conditions

®* Weak form: Solve for displacemenise U/ s.t.
/P [du® V]dV = /f sudV, VéuecU’
® Finite element formulation: Solve for displacemenisc< U;, C U s.t.

/P(F[uh]):[5u®V]dV:/f-5udV, Vou € Uy
Q Q
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Nonlinear elasticity - Error control

* Dual problem: Solve for displacemenig € U/° s.t.

dP
/[u*®V]:—:[(5u®V]dV:/qo(5udV, Vou € U’
Q dF Q

based on output of intere§(u) = |, g - udV

® Approximate model
P(F)~ P™(F)

® Error computation for approximatio;”

7

E = / f-u*dV—/ P" (Fluy']) : [u" @ V]dV
Ja Q
Discretization error

+ /QPm (Flup']) : [u* @ V]dV — /QP(F[uZ”]) et @ V]dV

7

Modeling error
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Numerical example — Adaptive modeling

4

>

|
>
B
Y N N N Y

® "Exact" model.Elasto-plasticity

e

* "Approximate" modelElasticity
® Error measure: Contraction of hole diamef#{u) = —ua| x_ x

® Note: Only model error computed
= u; €V, considered "exact”

® |LARsSON, RuNEssoN: Comput.Meth.Appl.Mech.Eng. (2004)
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Model adaptivity — Coarse tolerance

TOL = 10%
Model resolution Error distribution
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Model adaptivity — Fine tolerance

TOL = 1%
Model resolution Error distribution
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Classical (first order) homogenization
Macro-scale (equilibrium)z € U
a{u;éu} = l{éu}, Véuc U’

~ H (= F - 1)

"Typical subscale problem" for Representa-
tive Volume Element (RVE): For giveifd,

find w € U (H)

"ao(u; du) = lo(du)”, Vou € UY

— P,L [dP =L : dF algorithmic relation
® Remarks
— Basis for FE method, iterative solution involving macro- and subscales
— {e} implicit function (via homogenization)
— Functions inU smoother thafi; (H)
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Macroscale model and discretization errors

* "Fine” model: Exact solutioru € U solves
a{uw;ou} = {ou} Vou e U’

®* "Work” model (g = hierarchical model parameter):. FE-solution
uy, € Uy C U solves

C_l(q){’L_LHq;5’I_1,H} = Z_{CS’L_LH} Youg € [U%[ c UY

* Error measuré{w; up,} = Q{u} — Qg {tny}

* Exact error representation using dual solutibne U°

E{u,up,} = ﬁFEM{ﬂHq; u* — pHE""ﬁMOD{ﬂHq;ﬂ*la Vo, € Uy

~~

EFEM EMOD
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Macroscale model and discretization errors

® Discretization and model residuals
Remv{tmgou} — [{ou}— / P, {an,) : Hou)dQ
Q

RMQD{’L_LHq;(S’L_L} = _/Q[P{qu}_P(q){qu}] I:I[(S’L_L]dﬂ

® Remarks

— RpgMm Captures macroscale discretization error

— Rwmop captures macroscale error due to inexact computation cicsil
stressesP{u} — P, {u} macroscale stress error

- P(q) computable for given subscale "model?,normally inaccessible-
need for approximation, i.e. "best possible accessibleeﬂpﬂ’(q+),
"> q

— Hierarchical model paramete(X,t) € [qcoarse; Gaine] IN 2 X I, gane May
be inaccessible!! E.gLg = Lryg = o©

— Adaptive choice of (balanced) discretization and modeadrerfulfills
accuracy requirement
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Sources of macroscale model errors

® |nadequate constitutive models for subscale constituents

® |nexact prolongation conditions (variational framewdskundary conditions)
of Representative Volume Element, RVE

® Finite size of RVE, (should rather be denoted Subscale Velklement for
Lo < OO)

* FE-discretization of subscale problem — (Adaptive +E)
® Neglecting subscale transient character

® Remark: Exact solution still based on complete scale separatidmmihe
chosen framework of model-based homogenization. Errotalgeale-mixing
IS not (and cannot be) included in this framework!
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Transfer of error across the scales

®* \erifiable errors: Model, discretization, numerical saut etc

Scale 0 (macroscale)
model error, discretization error

I}

Subscale 1

model error , discretization error
11
Subcale 2
model error, discretization error

1

® Remark: All errors on a given subscale appear as model error on thestea
coarser scale
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Example: Membrane of Duplex Stainless Steel

Macro-scale plane stresB;s = 0

)
js]
([ )

® Crystal plasticity in each phase

Only model errorconsidered

YYYYVYYVYYYVYYY
s
o

® Subscale modeling: Prolongation
2 conditions

RVE
— Dirichlet boundary conditions:
accurate expensiveqd = 1)

— \oigt (=Taylor) approximation:

3 1 approximate {ow cost(q = 0)
/i : _ =
i =d * Q= ux(Xp)
AusEnE (FTD)  Fomite (BCC) diameter contraction

®* Material parameter values for two phases of SAF 2507 DSS

A[GPa] | G[GPa]| ¢ € | ho[MPa] | hoo [MPa] | 7, [MPa] | n | t. [S]
austenite 71 106 1.40 | 188 3680 0 164 small
ferrite 71 106 1.61 | 148 768 0 321 small
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Macroscale response (non-adaptive)

® Global load-displacement response for DSS-membrane

80— ===+
600} T |
I

4001 s

200 s
— Taylor assumption
- - -Dirchlet boundary conditions

O | | | | |
0 0.01 0.02 0.03 0.04 0.05 0.06

Uu
® Only one single realization of RVE in each macroscale GP

® Note: Global response is quite insensitive. Would the Taylor nh{ftiectuation
field omitted) suffice?

Runesson/Larsson, Geilo 2011-01-24 — p.21/76



Dept. of Applied Mechanics

Adaptive subscale Dirichlet-Taylor

* Adaptive results for TOk 10~* at completed loading (40 load incr). Assumed

at most linear error growthNote: Very small tolerance!

Dirichlet) after 20, 30 and 40 tbimcrements
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Example: Meso-macro-scale modeling

Xp

t=1T" Ematr €92

_> > —>

X1

® Macro-scale problem
— Ramp loading in timeT™ = 0.01t/t,, t/t, € (0,4)

— Goal function:Q(u) L H11[U]|XA

— Aim: Model error~ Macro-scale discretization error

® Meso-scale problem

— Random realization (perturbation of particle size anddajtof composite
for particle volume fraction.
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Subscale: Adaptive constitutive modeling

® Elasto-plastic matrix

Ematrs Vmatr = 0.3

oy = 0.01 Eyatr (VOn Mises)

H =0.2F.tr, » = 0.5 (mixed hardening)
t. (Perzyna visco-plasticity)

® Elastic grains

Epart =9 Ematra Vpart =— 0.3

®* Model hierarchy
— ¢ = gane = 1. Elasto-plastic matrix-» Meso-macro-scale model
— g = 0: Linear elastic matrix— A priori homogenized macro-model
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Meso-scale Example: Simple shear test

® Elasto-plastic composite
— Elasto-plastic matrix
— Elastic particles

® Macroscopic simple shear test (of RVE)
Effective plastic strain® (black) —~ 2.5% (white)

0 0.01 0.02 0.03 0.04 0.05

Y12
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Constitutive modeling — Adaptive results

® Adaptive error control

* Total (spatial) errof,.; ~ 5% within each time-step
®* Aim: Model error~ Macro-scale discretization error

Adapted mesh and  Adapted meshand Adapted mesh and
model,t/t, =1 model,t/t, = 2 model,t/t, =3

yov

® Adapted model distribution
— ¢ = 0: Elastic matrix (dark)
— ¢q = 1: Elasto-plastic matrix (light)
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® Final adapted mesh and modelt, = 4

® Adapted model distribution
— g = 0: Elastic matrix (dark) ¢ = 1: Elasto-plastic matrix (light)
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®* Example of actual deformed elasto-plastic RVE

t/t, =2 t/t, =3 t/t. = 4 (final)

4

A
DS

/|
N

* Effective plastic strai® (black) —~ 3.8%(white)
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Example: Particle composite

1 * Macro-scale plane straitt{s; = 0
® Nonlinear elastic phases
® Dirichlet b.c. on RVE

%4 ® Discretization and model errors
considered

® Subscale modeling: FE-discretization,
resolved with discrete set of tolerances
W.r.t error in macroscale stress
components

— TOLgu(q) = 10-(aT1)/2,
qg=11,2,...}

® Material parameter values for two phases

K [GPa] | G [GPa]
matrix 20 10
particles 300 100
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Adaptive discretization of RVE (FE 2)

® Adaptive computation» Total relative errorErel ~ 5.8% (after 6 macroscale
refinements)

Adapted macroscale mesh  Adapted model distribution € [1, 3] (dark
— light)

® Note: Only one single realization of RVE in each macroscale GP
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Adaptive discretization of RVE (FE 2)

* Snapshots of deformed RVE's for actual values of macrosEad@d subscale
error tolerance levej

q=3
TOLouw = 1%

qg=1 q=2
TOLgy, = 10% TOLqy1, = 3.2%
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® Note: Enhanced (automatic) subscale resolution for reducedainte, 'O L,
on subscale discretization error
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Example: Particle composite

Xo * Macro-scale plane straitt{s; = 0
1 ® Nonlinear elastic phases
t ® Dirichlet b.c. on RVE

® Fixed tolerancefO L, = 5%) for
A RVE discretization w.r.t. error in
macro-scale stress components
adaptive subscale meshes (unique for
| X1 each RVE)

| . . .
Ly ® Discretization and model errors
considered

® Subscale modelingsize of RVE

— Lp = gx lattice size,
q=11,2,...}
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Adaptive size of RVE (FE 2)

® Adaptive computation» Total relative errorE’rel ~ 4.1% (after 5 refinements)

Adapted mesh

Adapted model distribution € [1, 3] (dark
— light)
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Adaptive size of RVE (FE 2)

* Snapshots of deformed QVE’s for actual values of macrosEglgéeformation
magnified) and subscale error tolerance level

g=1 q=72 q=3
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® Remarks:
— Small macro-deformations (although possibly large RBMichltontribute
to F') ~» Small-size QVE
— Small-size QVE-» Near-homogeneous sub-scale deformations for
Dirichlet B.C. (~ Taylor assumption).» Coarse sub-scale mesh for given
tolerance
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Two-scale modeling - "The basic dilemma”

® Mixing/separation of scales: Two extreme cases
1. Adopt (1st order) homogenization everywhere (completdesseparation)
— inexpensive
Note: Communication via macro- and subscales entirely via hanagd
guantities, e.g. strains and stresses

2. Resolve fine scale evereywhere in the space/time domaimplete scale
mixing), "overkill" solution — expensive

® Need to account for scale-mixing depends on

— Physical phenomena resulting in smooth or non-smooth fields
localized damage and deformations is stress problems

— Required level of accuracy in desired output (quantity ténest): Local
(subscale) or global (macroscale)
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Example of scalemixing — Transient problems

® Transient RVE-problem
~» Size-effect (Physical & Numerical)

0t" and1°? order derivatives in space

® Stationary RVE-problem (Exact for the limit; —0)
~» Complete scale separation
cf. OzpemIR ET AL. (2008),TEmIZER & WRIGGERS (2010)

® |nvestigation of error for 1D heat flow example
— Macroscale problem of sizé
— Harmonic variation of heat capacity and conductivity withwelengthl

— FEZ2-solutions with different RVE-sized,, and different macro-scale
discretizations
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Homogenization of transient problems

® Large scale separatio. (I = 100)

3.5
—a— Lg/l=1(4)
— 3 —=— LD/ZZ5(t
é‘ ...g- - Lg/l:5(s)
- —— Lo/l=09 (¢
Q25 cxe L/l =9 (4)
O
L Ll
o
=
T
61'5_
nd
1_
0.5+
o | | | | | |
2 4 6 10 12 14 16

8
Number of macroscale elements
® Converging results
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Homogenization of transient problems

® Small scale separatiod (I = 25)

4.5
—a— Lo/l=1 (4
4 A Lg/l=1 (9)
—_ —e— Lo/l=5(t
é35 @+ Lpn/l=5(s)
- — LD/lzg(t
@) 3E‘._‘._
o
22.5’
3
o
nd
1.5
LOANNG . T e e
0.5 A
O 1 3 =)
2 4 6 12 14 16

8
Number of macroscale elements
® Optimal RVE-size meshdependent!
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"Model-based” homogenization

® A priori assumed separation of scales

® Order of homogenization (1st, 2nd,
etc) part of modeling

® Homogenization on RVE’s in
guadrature points

® Prolongation condition, i.e. how to
imposeF on the subscale (defining the
RVE-problem), is part of modeling

® No possibility for "built-in" scale-
bridging

/
O

N
NN

N
a\
N

N%'

B DINLIN 7]

/N
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"Discretization-based” homogenization

® No a priori assumed homogenization
on RVE's

® Order of homogenization (1st, 2nd,
i etc) determined by macroscale
A FE-approximation (no model
Scacae Xl assumption)

at Pttt

Scale separation

-\

® Variationally consistent "nonlocal
homogenization" on QVE=Quadrature
Volume Element (in case of sufficient
scale separation)

AAAA

* Possibility for adaptive FE

® Admits adaptive (seamless) bridging of
scales
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Micro-inhomogeneity - Characteristics

® Characteristic dimensions of substructure
Note: Periodic lattice structure shown for illustration only

® Resolution length of subscale (e.g. fraction of
lattice size with presumed homogeneous material

I* properties)i_

| |
i i sub
| |

|

- * Size of QVE (Quadrature Volume Element);,

® Remark: Aim for [, ~ Igryg = size of RVE
(Representative Volume Element)

* Remark: [7, 1= obtained as the result ahalysis of the properties of the
substructure: Topology and size of lattice structure (seaaf ordered
structure), volume fraction of particles, statisticalpedies, etc. They are not
physical lengthger se but are rathemodel assumptionand should be chosen

adaptively!
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Discretization-based scale-bridging

® Model resolution defined by macroscale FE-mesh dianidter

® Scale-bridging levels in present framework relevant to
— No scale separation (level 1)
— Partial scale separation (level Il)
— (Near-)complete separation (level IlI)

® Theadaptively chosen value off determines the appropriate modeling level!
= Not quite (but close to) seamless algorithm
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Macro-subscale coupling and homogenization

® (De)coupling of coarse and fine scales

Givenu™, 3 prolongationa® {uM} s.t.

u = u{uM} M a*{u™} /@Q@QD#: M

WM Ssu = 4 =0

uM = "coarse scale" - macroscale solution

a*{uM} = "fine scale" - subscale solution (fluctuation field)

® Condition foru™ to act as "homogenizer": Satisfactionteill-Mandel
macro-homogeneity condition

— Model-based homogenization: A priori assumption on thétian of u™
within RVE’s

— Discretization-based homogenization: FE-approximation™ — u}}
within QVE = Quadrature Volume Element
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Discretization-based homogenization

® Subscale problem on QVE: Given macroscale FE-solutitjn — subscale
prolongationa®{u}} } (may be incomputable) replaced ﬁf/q){ul}g} (always
computable)
— ¢ represents hierarchical level of subscale model and defima® model"
Example: Local toleranceol = 10~%/2

® Subscale "Dirichlet problem" on QVE: For giver};, find subscale solution
w® € Ug =0UY%,¢°=00nTg,s.t.

Ro(0u®) ¥ 1o (5u®) — an(udl + @ 6u’) = 0 Véu® € Us

def

ao(u;6u) C (P(F): Glsu])n, (o) ¥ 1 def

— o dV, Glul =u®V
Q| Jo.

® Remark: Variational framework may be extended to accomodate dised on
I'g, eg. weakly periodic variational framework [future work]
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Discretization-based homogenization

* Macroscale FE-problem for work model: Solve fof} € U} that satisfies:

R(Q){u%; 5uM} def l(5u%) — a(q){u%; 5u1}14} =0 V5u% C UII\{LO
(q){uM 5 M} def /

ol (L suMy AV = / <P(q){u1}§}:G[5uM]>D dv
PO} € P(Glan,{u}}])

def
Gpq{uy}t = upy + U(q){uH}
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Discretization-based homogenization

* Macroscale quadrature for FE-solutigimy, {u}} < ubl + () {uy} of

"work model"
NQVE
ol bul)) = [ o (i ouif)av ~ Y0 Wial?)fuls sulf)
0 1=1

W, = quadrature weights
® "Homogenization" on a QVE does not introduce a macroscate per se;

however,quadrature does!
A trivial observation !
@ff 0 f; L—J
o IR
Homogenlzatlon":fz- < a7 Jo, fdz i—|\v_i : |—
: ~ : S T
Definef(z) = f; if x € Q; o o i
3 : : i : i —> U
= [ f(z)dr =T Q,
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Discretization-based homogenization: Evaluation

* "Homogenization property" for macroscale FE-approxionati}; of
polynomial ordemp:

(P Glul))o = PV sHY + PP 6B + .+ PP sHY

PP Y poX -X|o[X-X]|®...9[X - X])o

\ - 7

SH® € (Giul o Ve Vve... e V)(X)
k1
e remark: P, H'™ live in "the discrete world"
® Remark: 1st order homogenization obtained foe 1. only classical volume
averageP'" remains
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Example: Stationary macro-crack

T2

Ftop !

A
WA A“? 5

TANN
é’é’%ﬁ%ﬁy
XX

N
W
i
WANNNA
NWAVNNAN
ANV

- om

spacing

® Sub-scale problem characterization
— Stiff elastic particlesGp, Kp = 10Gp
— Elastic-plastic matrix,
GM = Gp/lo, KM = Kp/lo, Oy M = GM/lo

® Adaptive control of average displacemént= ﬁ frt usdA
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Results: Stationary macro-crack

® Small scale separation,

® Large scale separation, d/Lyiac = 1/10, adaptive
d/Lyac = 1/100, adaptive algorithm aiming for
algorithm aiming for TOL = 20% Note:
TOL = 2% Substructure not yet well
resolved!
)

black: level | (full resolution),
grey: level Il (special case of VMS),
white: level Ill (homogenization)
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® |arge scale separation - "multiscale closeup"

® Small scale separation - "multiscale closeuypste: still large error,
substructure not yet well resolved!
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Selected references, contd

® Adaptive FE (Chalmers)
F. Larsson, K. Runesson. Adaptive computational meso-orseale modeling of elastic
compositesComput. Meth. Appl. Mech. Engrg. 2006: 324-338.

F. Larsson, K. Runesson. RVE computations with error cbatd adaptivity: The power of
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error control.Multiscale Comput. Engrg. 2008: 371-392.
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Lecture 3 - Part ||
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Consolidation in porous granular media

Su, Larsson, Runesson

® Multiscale modeling of porous fine-grained granular matesith pore-fluid,
such as asphalt concrete (sand/bitumen mixture with endokskbnes)

® Micro-inhomogeneity: particles in matrix
® Note: Intrinsically time-dependent (seepage)

Multiscale material modeling of
asphalt-concrete for road
pavements

solid skeleton
fluid-filled pores
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Quasi-static consolidation problem

® Balance equations for subscale porous medium (mixturgeesidua to
guasistatic loading

—6-V—-—0g = 0inQ x[0,7), momentum balance
@ +w-V = 0inQx[0,7), mass balance of pore fluid

® Storage function

def

U — Uo
] +6vola €vol — U - \Y%

KF

o =01+

® Bulk stress, effective stresé:= o’ — ul
® Hooke’s law for solid skeletorns’ = o, + 2G€gev + Keévorl

* Nonlinear Darcy’s law for seepagé: = —k(u, Vu) [Vu — o''g]

® Remark: g = Initial equilibrium stressy, = non-flow pore pressure
[Vug = o g]. Henceforth: Se#, = 0, ug = 0 without loss of generality
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Decoupled theory — Pore pressure equation

approx
* Decoupled theorye,, = K~ u + 6] PRIOX g1 (u+ 6 ]

cf. CHrIsTIAN AND BoEHMER, ASCE J. Eng. Mech., 1970
® Approximate "total mean stressj;, computeda priori. Assumptions:

— Assume undrained condition in each micro-constituent fimaiarticles)
~» "undrained macroscale elastic moduli*, K*

— Total stress analysis» equilibrium stres&™ — 5
® "Decoupled storage function"

1 1

® Remark: Computation of undrained macroscale moduli based on the
assumptions:

— homogeneous stresg, within each RVE
— homogeneous elastic moduli within each micro-constituent
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Decoupled consolidation problem

® Space/time variational format: Findx,t) € Us. t.

R(u; du) = L(6u) — A(w; 6u) Véu € UY

T T
A(u; du) det / (d¢®, ou) dt + / a(u; ou) dt + (P (u|j—g+ ), du|i—o+)
0 0
def g
L(5U) = / l(éU) dt + ((I)O, 5U|t:0+)
0

with
a(u; ou) L —/ w - V(du)dV, [(fu) L —/ qp Ou dS
Q T'n

® FE-discretized macroscale and subscale problems (on RWESpace/time:
p.w. quadratic in space, p.w. constant in time from dG(0plgpgm has strongly

dissipative character)
® Remark: A priori restriction to algorithmic format» No possibility to control
time error (only spatial error)
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Nested Multiscale Method — FE  *

® Macroscale FE-problem on space-time dlal 7,, forn = 1,2, ... using
dG(0): Find"z € U s.t.
R{"w:ou) — [ / (0u) dt + At (@{"a, V), V(Su)]
I,
M= T n— 15 — (N TN n—1z — C—
— ([®{"a, V"u} — @},5u)—([<1>{ u, V'u} — @},V(Sfu)
= 0, Véuel.

® Homogenized gquantities:

o{u, &} = (2(u) [z — 2]);

® Remark: "Quasi-separation"” of scales inherent in "2nd order gg@fanction”
®{u, £}, cf. KouzneTsova ET AL. (2002)

® Remark: ®{, &} — 0 whenlgyg — 0
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Nested Multiscale Method — FE  *

® SVE-problem: Dirichlet b.c. for pressufa.

® Subscale FE-problem on space-time sl@bsx I,, forn = 1,2, ... using
dG(0):
For givenuM (z; z, t), find "’ € UY s. t.

Ro ("™ + s 0u®) = / Io(0u®) dt — At ap ("u™M 4 ") 6u®)
In
. <[(I)(n’LLM + nuS) . n—l(I)] 5u>|:|
= 0, Voéu*elUY

an (u; ou) ©_ (w-Vou);, Ilo(du)=0

® Remark: For the coupled problem it is possible to choose different
prolongation conditions for different fields
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Macroscale algorithmic tangent operators

® Linearization of macroscale problem for each space-tirale-si bilinear but
generallynon-symmetric form

R'{e;6u, du} = /5u0dudv /5uB V(da)dV

/V Atff—é] dadV

—/v((sa)- At K + E] V(da)dV
o _

® Macroscale tangent operators defined by

dv = Ydu— K- d¢
1 — Cdu+B- dé
d® = Cdu+ B- d€

* Note: B 3rd order tensor
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Macroscale algorithmic tangent operators

* Algorithmic tangent operator§, Y, B, C, K, B computed via sensitivity

fieldss, 3" € UL on RVE .

Example:

—((Y)ilx; —75]) g — <(Y>iﬁz_(j)>m

O \ —

"2nd€rder"
def OW def oW
Y = — K = —
ou’ O(Vu)
® Definition of sensitivities in terms ansatz for du® related to differential

changes ofi and¢; < (Va);:
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Macroscale algorithmic tangent operators

® Sensitivity fields are solutions of tangent problems on RVE’
(i) Solve foras & ngs € UY from

(®'ou’ul)y — At (VI]ou’] - Y4
—(®'out), + At (V[ou’] - Y ),
Véu® € UY.

o + At (V]iu®] - K - V[ii]),

~s(1) def nAs(z)

(1) Solve for Ug Ug

cU0%,i=1,2,..., NDIM, from

(@dw ™) —At(Viow] yay) +at(View)- K - i)
— <(I)/5’LLS[£UZ — Zfz]>|:| -+ At <V[5US] Y [ZIZ‘@ — ZE‘@DD — At <V[5US] - K - e@-]>[

Véu® € UY.

® Remark: 43 = 0 for stationary problems
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Consolidation of pavement layer — coupled model

® Plane consolidation of symmetrically loaded (semi-inéplayer of
asphalt-concrete. RVE consisting 022 unit cells. Dirichlet b.c. adopted.

0.15m

0.05

0 0.1 0.2 0.3 0.4 05 A

(b)
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FE? algorithm: Results

® Pore pressure field on top of deformed mesh after 0.0001 &e8ir{gle-scale
analysis. (b) Multiscale analysis: macroscale soluticth RYE- solutions at
three different macroscale quadrature points.

x 10° [Pa]

8
0-14 M'-mm .- r* 6
4
0.12 2
C : , 0
0 0.05 0 0.15 02
(a)
x 10° [Pa]
0.14 2
0.13 4
0.12 9
0.1 . . . 0
0 0.05 0.1 0.15 0.2
@ = [0.008,0.133] @ = [0.058,0.133] @ = [0.108,0.133]
NN NN
NN RN
(b)
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FE? algorithm: Results, cont'd

® Comparison of different particle distributions inside R\{gae particle in the
center (particle-centered topology) vs. 4 quarters of agyain the corners of a
unit cell (matrix-centered topology). (a) Average poressige in the selected
region() 4. (b) Averagevertical (z5-) displacement the selected regian .

5
x 10 r
45 x x x -10°
4t
3.5 105k ©-0-0-0-0-0-0-a.g
g E '®-0.0090-0
e I £
§ £ single-scale
g 25 8 — — — particle-centered 1uc
) / \ \'0 g- 107 F C——— mat-rix—centered 1uc
g ot Y, Q 3 particle-centered 4uc
[0) - X1 fC 0 L ! =mE==g . - iX-
8 \ / \‘\‘ i % N =0 — matrix-centered 4uc
g 15 IS 8
single-scale ) 4 = 107 F
1 — — — particle-centered 1uc “\ \
- = - = matrix-centered 1uc \\ W
0.5} particle-centered 4uc ‘Q g
- =0 — matrix-centered 4uc ‘\‘\ \
05 0 S n‘&o 5 10 15 0 5 o 5
10 10 10 10 10 10 10 10 10 10
T[s] TIs]
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Computational homogenization of porous media

Sandstrom, Larsson, Johansson, Runesson

® Up-scaling and computational homogenizatiorilodv in porous medi@oupled
to solid skeleton deformation
~» Improved modeling for
— deformation-dependent permeability

— gas-fluid mixtures

® |nitial analysis: Homogenization of porous media flow (@igolid)
— Subscale: incompressible

Stoke’s flow
— Macroscale: Darcy-type
tow — [ (v®@V)—pl]-V = 0
wheregq is seepage v velocity |
p pressure antY viscous
stress
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Macroscale permeability

® Prolongation: Ensure prescribed macroscale pressureegtgd

® Homogenization~ q = n(v)no
n porosity

® Consider Linear Stokes’ law, I.e.
oV =2ulve V)"

® Macroscale constitutive relation for seepage velocity{fipin terms of
. def & _.
pressure gradiergt = Vp:

q=-K¢
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Dirichlet conditionson v

Prescribedvp = [1 0]"

= P 0.0966
—2 | N 0.0828
010 0.0690
O 0.0552
S5 4.10°2f "7 °° SRR IS i sl . 0.0414
C_G ................................. : 0-0276
S N 15
QO 3.10°2} N . 0.00
(@) : .
[ Velocity field
» 2-1072} -
— B ‘ pm4.91
—— Constant traction/length, normal only , ]W 3.51
1-1072F | Constant velocity - w | 2.11
--- Periodic velocity 4 b 0.710
0 | | | | ) ¢ : :(2)'(6)30
20 40 60 80 100 , *“t@( ._3-49
Area of RVE = 4 4.89

Pressure field
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Neumann conditionson t"

Prescribedvp = [1 0]

P 0.194
0.166

0.138

0.111
_0. 0829

0.0553

.0.0276

0.00

Velocity field

1St eigenvalue
W
=
\
|

P 4.48
3.20

1.93
0.658

. L0616
-1.89

.-3.16

4.44

Pressure field

—— Constant traction/length, normal only
1-1072 ... Constant velocity
- - Periodic velocity

0 | | | |
20 40 60 80 100

Area of RVE
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Periodic conditions

Prescribedvp = [1 0]"

= -0.113
0.0965

0.0804
0. 0644
0.0483
0.0322

.0.0161

0.00

- = =
N el e L T g

Velocity field

1St eigenvalue
W
=
\
|

m4.29
3.06

1.84

0617
-0.605
-1.83

.-3.05

-4.27

Pressure field

—— Constant traction/length, normal only
1-1072 ... Constant velocity
--- Periodic velocity

0 | | | |
20 40 60 80 100

Area of RVE
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Macroscale permeability tensor

® Nonlinear fluid~ FE?

—>
> DD
r&) — >
} —Dirichlet
> —Neumann
50
ZQ(40
Area of RV

Runesson/Larsson, Geilo 2011-01-24 — p.72/76



Sintering of hardmetal (WC-Co system)

Ohman, Runesson, Larsson

® WC-particles surrounded by "matrix" of Co, initial poreasg~ 20 — 40%
Note: Intrinsically time-dependent deformation + solid diffas + melt Co

® Sintering driven by surface tension Co-porespace
from initial precompacted porosity (inhomogeneous
relative densityp;)

® Subscale constitutive modeling:

— Co-binder: Incompressible, non-Newtonian
(visco-plastic) flow~» nonlinear Stokes’

— WoC-patrticles: "Rigid"— incompressible,
Newtonian flow with "large" viscosity

pore Co WC 2
Sintering Udev(d) — 2” f(de)ddeV7 de déf \/;|ddeV‘

g\" ® Macroscale momentum balance.

i Note: Finite macroscale compressibility due to
shrinking pore-space

pa
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Model-based homogenization of viscous sintering

Figure 1: Evolution of free surface within a typical RVE

® RVE-problem with Dirichlet b.c. (example), "driven" by nrascale

rate-of-deformationl — subscale velocityy = v™(d) + v°

For givend, solve forv® € V&, p € Pq:

ag (vM(d) + v5; 5v°) + ba (p, 5v°) Io(6vs)  Yovs e VY,
bo(dp, vM(d) +v*) = 0 Véop € Pn.

o (6v®): loading by "sintering stresses” = surface tension trastan'5”"*
® Surface-tension driven microflow of single "unit cell" RVE

— macroscopically rigid (RVE-boundaries are rigid)
— macroscopically isochoric
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Simulation of sintering

® Macroscale problem for "free" (special case) sinteringuoigd from
variationally consistent macro-homogeneity condition

a{v; o0} < / o{d}: 6ddv =0
Q

Energy-conjugated macroscale stress= 1D| J5. @ [x —2])¥ da

12
x = center of RVE
* FE? of free sintering for non-Newtonian microflow

— homogeneous initial relative density (but lower boundargrtificially
fixed)

— non-homogeneous initial relative density, truly unrastd macroscopic
boundaries, single-phase

— non-homogeneous initial relative density, truly unrastd macroscopic
boundaries, two-phase (with near-rigid particles)

® Modeling and computational strategies of surface tensdaenu & DErBY, PERIC
ET AL., JAVILI & STEINMANN among others
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