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1. The reactive flow model
fully saturated porous medium

ions (Na*, Cl7) dissolved in the fluid [transported by the flow]
crystals (NaC'l)attached to the grain surface (porous matrix)

precipitation/dissolution on the grain surface
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Chemistry:

My S ny My + no Mo,
M, M, - solutes (ions: Na™, Cl")
n9, Ny — valences (1,2, ...)
M, — immobile crystalline (NaC')

¢; — volumetric molar concentration of M; (M /m?)

D > 0 - diffusion coefficient (m?/s)
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Crystals:

Fixed domain:
Crystal size can be neglected — pore geometry is not affected by the chemical processes

c12 — areal molar concentration of My, (M /m?)

Variable domain:
Crystals have a significant size — change in the pore geometry

thickness of the precipitate layer d — free boundary
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Results in fixed domains*

Existence and uniqueness of (weak) solutions
Uniform estimates (positivity, upper bounds, energy)
Conservation of mass

Convergent numerical scheme

Simple geometry (thin strips):
dissolution/precipitation fronts, moving with the flow

upscaling, including dominating transport regimes (Taylor dispersion)

Rem: Obtained for general, complex (periodic) media, including flow

*van Duijn, P (J. Reine Angew. Math., 2004),

van Noorden, P, Réger (Discrete Contin. Dyn. Syst., 2007),

Devigne, P, van Duijn, Clopeau (SIAM J. Numer. Anal., 2008),

van Duijn, Mikeli¢, P, Rosier (Advances in Chemical Engineering, 2008)
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Model involving a time dependent, a-priori unknown domain

Features:
The size of crystals cannot be neglected when compared to the pore size;
Variable pore size: solution dependent (thus implicitly on time);

Precipitate concentration v — layer thickness d.

Diffusion of ions M;, (i = 1,2) inside the pore space €;:

8tci — DACZ =0

Note: Variable pore space (), affected by the chemical processes
Rem: Transport (Stokes flow) can be considered, correct conditions at the moving interface
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At the free interfacel’;:
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(nipe = )V = v+ (DVe),
with p.. - molar density M /m?, while

Lgt) :={(z,9) [0 <2 < L, y e {=(0—d(x,1)), (L — d(x,1))}},
and therefore v = (—0,d,1)T /\/1 + (0.d)2.

Rem: Mass conservation for ions (i = 1, 2)
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At the free interfacel’;:

-
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Rem: d - "typical layer thickness"

Precipitation rate:
Tp = pﬂcb Cg) = k}ﬂ[cl]?—li-2 [02]3—1

(7 = non-negative, continuous, increasing in both arguments)
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Dissolution rate (van Duijn—Knabner*), z € I';:
Presence of crystal (d(z,T';) > 0): constant dissolution rate k,

Absence of crystal (d(z,T;) = 0):
Oversaturation (7(cy, c3) > ’Z—Z): effective precipitation (“switch on”)
rg=kq <rp
Undersaturation (7(cy, co) < ’Z—Z): zero overall rate (“switch off”)
re =1y = kpT(C1,02) (a.e.)

Note: Undersaturation occurs at different concentrations, r, is not fixed

1, ifd(l',rt) >0

ra(r.e1,e2) = { 1y — kals, ifd(x.T}) = 0

"I“d € k‘dH(d(I, Ft))

*Knabner, van Duijn, Hengst (Adv. Water Res., 1995)
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Scaling
Characteristic values: cg, L, Tp, Dy, (Tp = L?/Dg)

Vol ia

p="(>1), =

D
DR ’ CRr L Areagmm

Characteristic velocities:

L d ~
@ = — — "macro scale", and Vp := —— — pore scale, implying V = VxV
Tp pIp

. 2 Th
Time scales: Tp = &, T =2 — D, = —
- D d TC

Note: e—balance factor for solute and precipitate:

Pe X (VRTD> Areagmm ~ Cr X VOlflm'd — Ci ~ el
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Dimensionless equations 0 < T' < oo, {2 D (),—time dependent

Simplified setting: no flow, equal valences (n) and ion concentrations (u), one

dimensional
( Ou = DAu, in €,

Dv-Vu = enp—u)V, atly,
D,(r(u) —w), atly,
€ H(d(x,T})).
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Results in 1D*

Then I'; becomes x(t), V becomes h(t)
Initial data:

Bounded: 0 < hg < 1,0 < ug < M < p.
Smooth: uy € C?([0, hg)).

b3
S B

iy

s

Compatibility: 9,u(0) = 0, Dyug(ho) = Da(r(uo(ho)) — wo)(p — uo(ho)),
with wy = w(t = 0) defined as

if ho < 1,
if ho =1, and Uo(l) < U*,
if ho =1, and wvy(1) > u*.

Space-time domain (h € C(]0,77)):
Qnr = {(x,t) |0 <z < h(t), 0 <t <T}.

*van Noorden, P (IMA ] Appl. Math. 2008)
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Definition: A triple (u, w, h) satisfying
. h e C([o,T]),
- u € C*NQur) N C(Qnr),
L Ou € C(QrrU{er=0,0<t<T}),
. w € L>(0,7T),

ou = in Qur,

Oo,u = on{r=0,0<t<T},
for0<t<T,
for0<t<T,

w(t) a.e.in [0, 7],

U for0 <z < hgy, t=0,

with h; = fo — up(x)) dzx, is a solution of the 1D variable domain model.

Theorem: There is a unique solution, satisfying

h
OSuSmax{u"‘,M},and—1 <h<1.
)
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A. Coordinate transform

h(t)
y :/ (p—v(z0)dz, 7=t
Then U(y, 7) = u(x,t) satisfies:
(0,f(U) = 0,,U, for 0 <y <ho(0 <t <T),
d,U = D,(r(U) —w(t)), at y=0,
W(t) = =Da(r(U) —w(t)), aty=0,
w(t) € H(1 — h(t)),
o,U =0, at y = hy,

LU(y,0) = vo(x), at t =0.
where f(U) =1/(p—U).

B. Regularization
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1D numerical examples

Dissolution, p = 1, hg = 0.5, ug = 0, r(u) = 3u?, D,

fu
i)
=1
o
=
c
@
O
c
[=}
O

Technische Universiteit
. ) U e Eindhoven
/ department of mathematics and computer science I University of Technology



1D numerical example

Dissolution and precipitation, p = 1, hy = 0.95, uy = 0, 7(u) = 3u?, D, = 20
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2. Pore model upscaling

General rate, f(u, pd);

_ : Lo : L
Characteristic velocity () such that 7, = g lsin balance with Tp = 3

y=121 {K&# \\\\\\\\\\\ >

y flow q ot

* Q) d(x,t)
y=-1/21 W» ////////// /////////4//

x=0

Ou — D (Opeu + 50,u) + 0.¢Wu + 10,dPu 0
9,qW iﬁyq(z) 0

?

£ 110z + [10yyq

0id/\/1+ (c0,d)2 =

D (—£%0,d0,u + Oyu)
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Formal asymptotic analysis*:

Assume

_P0+€P1+O( )7

1
¢ =g+ qu O(e?),

¢ =g +eq? + 0(6 ),
d° —do+€d1+0( ),
ut = wug+ eug + O(e?),

Qo = —W@Po,
020 0,
(1 — do)uo + pdo) 0: {(1 = do) DIrug — Gouio}
A (pdo) f(uo, pdo).

*van Noorden (Eur. J. Appl. Math., 2009)
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Dispersion model (Taylor)*

Transport dominated regime, characteristic velocity () such that Pe = HQ = g

I=112 1 (& \\\\\\\\\\“\\\\ \\\\\\\\\

flow q
— I
Q)

x=0
Ou — D (Dppu + S0yu) + 0,¢Wu + L9, Pu
0xq" + 20,¢?
21052 + 1yyq

0id/ /T + (20,d)2

D (—£%0,d0,u + dyu)

Kumar, van Noorden, P (Multiscale Model. Simul., accepted)
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Formal asymptotic analysis:
Define

1 0 0
de = do +edy, ue = ug +¢ / uidy, qez/ qo +eqdy, P. = Py +eP.
1 _de de—1 de—1

e = _%8xpey
ax(je 07

9,((1 — d)ue + pd,) = 0, {5(1 —d)D(1 + 122 )00 — Gotte — ey, (p — o) (1 — de)} ,

O (pd,) f (e, pde) + (1 —d.) { 3D( — Ue)Opd, + 15quaxue} O1 f (e, pde).

Compare to the fixed domain model (Poiseuille flow, (q., u., pde) — (G, uy, vy)):

at(“f +Uf) Oy {5D(1 + 1051)2)8 up —qruyp — 815 D (uf7vf)}

&wf = f(Uf,’Uf) + 8(—3%8,5’0]0 + I%qu@xuf)@lf(uf,vf).
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Comparison between different upscaled models, ¢ = 0.1 and ¢ = 0.001
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Comparison between different upscaled models, ¢ = 0.1

Fora=1
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—SimAvg
—Upscaled
—Hyp

/ department of mathematics and computer science

Free boundary location 'd'

=3
T

—SimAvg
~—Upscaled
—Hyp
—2-D Average

04 05 06
Along the length

Technische Universiteit
Eindhoven
University of Technology




Effective precipitate, fixed vs. variable domain

Fixed Geoemtry vs Variable Geometry (p=1) Fixed Geoemtry vs Variable Geometry (p = 100)
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Rem: Precipitate concentration V' in the fixed domain model becomes pd in the variable domain model
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Effective solute concentration, fixed vs. variable domain

Fixed Geometry vs Variable Geometry {p=1)
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Concentration

Fixed geomety vs variable geometry { o = 10)

—Fixed Geometry
—Variable Geometry

01 02 03 04 06 07

05
Along the strip

Technische Universiteit
Eindhoven
University of Technology




3. Further application: biofilm growth*

Biomass and substrate inside the fluid:

Ocl, — V- (DL, — qcl,) = R, fori =b,s,

oic; —V - (DyVe) =Ry
Fluid flow (variable domain, due to biofilm)

: biomass concentration

: substrate concentration L A qg= vp7 and V - q=20

oy biomass concentration < Biomass displacement in the biofilm (constant
c;: substrate concentration dens |ty)

u = —/\Vpb, and pr U= Rpmd — Rdec

van Noorden, P, Ebigbho, Helmig (Water Resour. Res., 2010)
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AtT,(t):p,=0,9g=0,c, =cj,aswellas

v-(DiVcs — DiVe) =0and v - (DEVe + pyu) = v, (py — c2).

. . 'f
Here v = (9,d, —1)/+/1 + (8,d)2, whereas pyv, = Rget — Rage + v - upy I d>0,
[Raet — Rast] - ifd =0.
Rates:

s b
CooCuw - b

k’s + Cs resCys

ChPb
Cbpb _ b
/umax ks—i-c“"’ RPTOd - Yb“max k‘s + C

CCb

b _
lumaa: ks, +cs,? Rw - Yw”max

Rdec - krespba Ratt - kattc?u7 Rdet = kdet”,u(] - VVT>qu||7
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Upscaling (thin pores)

D, _
8,5((1 —2d)cy + de) =0, (F(l —2d)0,c1 — qcl>
+(]- - Qd)(YwDawfl(clv 62) - k]‘cl) + 2pd(§/bDabf2(02) - kT)7

1 —2d+2Dd _
Taxc2 - qC2> — (1 =2d) Do Cy f1(c1, ¢2) = 2dDapCrrp fo(ca),

/{;acl Mkdg 1;32‘q|d)2 + pd(}/bDabfg(CQ) — kT)’ d > 0,
[kacl ka5 1;’2q|d) } d=0,
_ 20up

3
=0

Bycy = ax(
p@td

(1/2 o d)37

where
e d - biofilm thickness
e ¢ - biomass concentration in water

e ¢y - substrate concentration

Rem: good agreement with upscaled models in the literature
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Future work

Analysis for different regimes (D = O(g"), D, = O(&"))
Upscaling (homogenization) for general geometries

Upscaled models: appropriate numerical techniques (MFEM, FV), coupling
chemistry - porous media flows, iterative solvers

Further applications: CVD, coupled porous media/free flows, pore scale
two-phase flow models

Going below continuum scales

Acknowledgement: STW, NUPUS, Simtech, NDNS+
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